Rigorous asymptotic approximations of the WKB (or LiouvilleGreen) type are obtained for a basis of solutions to y 00 +[ +g ( t )]y = 0 in C -algebras. The WKB asymptotics being important i n w a v e propagation, this contribution represents a rst step toward a theory applicable to PDE's, which should be developed within the framework of operator algebras. The nature of this approximation is such that it is expected to be useful to couple the numerical to the asymptotic treatment. 
Introduction
In this paper we prove WKB-type (or Liouville-Green-type) approximation results for certain abstract second-order dierential equations in Calgebras. Such results apply to equations like y 00 + [ + g ( t )]y = 0 ;t 2 ( a; b) ; (1.1) where 1 a < b + 1 , y and g take v alues in a C -algebra, B, with a unit element e, g 2 C ((a; b); B), and is a suitable (constant) normal element o f B . Moreover, g is assumed to be \asymptotically negligible". In particular, the case \ > 0" as well as that of \ < 0" are included, thus generalizing the well-known results obtained by F.W.J. Olver [3] for both oscillatory and non-oscillatory scalar equations. Recall that \ > 0" means that is Hermitian and its spectrum () (0; +1), [4] .
Below, as in [3] for the classical case, precise error bounds in the asymptotic approximations for a basis of the (right) B-module of solutions to (1.1) are obtained, and the double asymptotic nature with respect to the independent v ariable, x, and the coecient, , is also shown clearly.
We emphasize that the only generalization of the WKB theory beyond the case of scalar second-order dierential equations seems to be that to matrix dierential equations which appeared in [5] . More recently, w e obtained abstract asymptotic results for equation (1.1) with = 0 , [ 6 ] .
In Section 2, we state and prove our main theorems. They are based on certain equations satised by the error terms appearing in the asymptotic representation of the basis solutions. Volterra-Bochner integral equations are then obtained, and estimates nally are derived by successive approximations. In Section 3, nally, several comments are made and some examples are worked out.
WKB theorems in C -algebras
The main results of this paper are given by Theorems 2.1, 2.2 below. In fact, it is convenient to state separately a theorem for the case > 0 (\oscillatory\ case). (2.16) Note that exchanging the integral and series symbols in (2.16) is permissible by the dominated convergence theorem for Bochner integrals, in view of (2.1) and (2.10).
Concerning the second solution, y 2 (t), the proof proceeds along the same lines as above, with most obvious modications. To conclude, we show that the pair (y 1 (t); y 2 ( t )) is a basis for the right B-module of solutions to (1.1), which i s k n o wn to be free and of rank 2 (cf. [2] , e.g.). Dening, as in [6] 0 ( t ) using the LiouvilleNeumann expansions of (t) and 0 (t) [ 3 ] , we obtain (2.32) and thus, letting t; s ! +1 (independently), we see that (t) has a nite limit, say (+1). Therefore, from (2.27), being k(+1)k expfW(+1)g 1 < 1 b y condition W(+1) < log 2, we derive z(t) (t s) are given by 1 expf 2 (t s)g 1 ( t s ).
Remark 2.7. Under the additional assumptions that and g(t) commute for all t in a neighborhood of +1, the existence of a solution, z(t), with the asymptotic behavior in (2.28) can be proved by a straightforward application of an abstract version of L'Hôpital's theorem [9] , see also [7] . Indeed, in such case, z(t) can be represented as z(t) = u ( t ) (s)ds =: g 1 (t)f(t) with g(t) : = e x p f 2itg. By L'Hôpi-tal's theorem proved in [7, 9] , it then follows that lim 
Comments and examples
The following remarks generalize to the abstract case certain properties of the Liouville-Green approximation for the scalar case, cf. [3] .
Remark 3.1. When g(t) is Hermitian, in Theorem 2.1 the basis solutions, y 1 (t); y 2 ( t ), are \conjugate" [4, Thm. 11 .15], while in Theorem 2.2, if is \purely imaginary", i.e. = i with Hermitian, then u(t) and v(t) are Hermitian. In the latter case, when is positive (cf. Corollary 2.6) z(t) and w(t) are also Hermitian. All these facts can be ascertained by using the series representations of the error terms along with the continuity o f involution. A further observation is displayed in the following Remark 3.3. In Theorem 2.2, the basis solutions u(t) and z(t) (or v(t) and w(t)), can be termed recessive and dominant, respectively, as in the scalar case. In fact, it is natural to dene \recessive" every solution y r (t) of (1.1) such that another solution y d (t) exists with y subset of all recessive solutions is a cyclic submodule (of the right B-module of solutions of (1.1)). In fact, suppose that y r (t) i s a n y given recessive solution of (1.1) and y r = uc 1 + zc 2 ; y d = uc 3 New features of the Liouville-Green approximation appear in the abstract framework with respect to the classical scalar case. Indeed, we h a v e the following Remark 3. 
